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The interaction of two passive scalars (both temperature in air) emitted from
concentrated line sources in fully developed high-aspect-ratio turbulent channel flow
is studied. The thermal fields are measured using cold-wire thermometry in a flow
with a Reynolds number (Uh/ν) of 10 200.

The transverse total root-mean-square (RMS) temperature profiles are a function of
the separation distance between the line sources (d/h), their average wall-normal posi-
tion (ysav

/h), and the downstream location (x/h), measured relative to the line sources.
Similarly, profiles of the non-dimensional form of the scalar covariance, the corre-
lation coefficient (ρ), are a function of the same parameters and quantify the mixing
of the two scalars.

The transverse profiles of the correlation coefficient are generally largest at the
edges of the thermal plume and smallest in its core. When the line sources are not
symmetrically located about the channel centreline, the minimum in the correlation
coefficient transverse profiles drifts towards the (closer) channel wall. For source
locations that are equidistant from the channel centreline, the minimum correlation
coefficient occurs at the centreline, due to the underlying symmetry of this geometry.
The initial downstream evolution of the correlation coefficient depends significantly
on d/h, similar to that in homogeneous turbulence. However, there is always a
dependence on ysav

/h, which increases in importance as both the downstream distance
is increased and the wall is approached. Lastly, the correlation coefficient profiles tend
towards positive values in the limit of large downstream distances (relative to the
source separation), though further measurements farther downstream are required to
confirm the exact value(s) of their asymptotic limit(s).

Spectral analysis of the cospectra and coherency spectra indicates that the large
scales evolve more rapidly than the small ones. Furthermore, the fast evolution of
the large scales was most evident when the sources were located close to the wall.
This presumably derives from the large-scale nature of turbulence production, which
is strong in the near-wall region.

1. Introduction
The mixing of a scalar (e.g. energy, mass, etc.) within turbulent flows is a pheno-

menon of relevance to a broad range of processes, including meteorology, oceanic
science, heat transfer, combustion, and environmental pollutant dispersion. To
accurately predict and model such processes, a thorough understanding of turbulent
scalar mixing is required. Reviews of the subject have been compiled by Sreenivasan
(1991), Shraiman & Siggia (2000) and Warhaft (2000).
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Recent research has shown that the complexity of turbulent scalar mixing originates
from the mixing process itself, rather than being inherited from the intrinsically
nonlinear and complex velocity field (Kraichnan, 1968, 1974, 1994; Shraiman &
Siggia 2000). One of the complications inherent to the scalar mixing process derives
from the manner in which the scalar is injected into the turbulent flow – the scalar
can be introduced into the flow at scales that are different from that of the velocity
field. As a result, this ‘injection scale’ can dominate the evolution of the passive scalar
field – see, for example, Warhaft & Lumley (1978), Sreenivasan et al. (1980), Durbin
(1982), Villermaux, Innocenti & Duplat (2001), or Beaulac & Mydlarski (2004).

A fundamental problem in the study of turbulent scalar mixing is posed when
the scalar is introduced into the flow at a scale that is smaller than the smallest
scales of the velocity field (e.g. Taylor 1935). An extension of this problem – with
applications to combustors, chemical reactors, heat exchangers, and environmental
dispersion of multiple scalars – is the interaction of scalar fields emitted from two (or
more) concentrated sources. In this case, the scalar mixing will be a function of the
respective location of the sources, in addition to the properties of the turbulence.

Before proceeding to discuss the objectives of the current research on the mixing of
two scalars in turbulent channel flow, we present a review of the literature pertaining
to scalar mixing from one or more concentrated sources in turbulent flows.

The dispersion of a scalar from a single source in turbulent flows has been
extensively discussed in the literature. In most cases, temperature was the injected
scalar. A detailed review of the literature on this subject can be found in Lavertu &
Mydlarski (2005), which is summarized here.

Dispersion from a thermal line source in grid turbulence was the first problem
of this nature to be studied. Scalar dispersion experiments in grid turbulence were
performed by Taylor (1935), Uberoi & Corrsin (1953), and Townsend (1954), who
published results on the evolution of the mean and fluctuating temperature fields.
Subsequent research showed that the mean temperature profiles downstream of a
thermal line source in homogeneous isotropic turbulence were Gaussian and that
their evolution could be be divided into three stages: (i) the molecular diffusive range,
for which t � (κ/〈v2〉), where t is time, κ is the thermal diffusivity and v is the
transverse velocity fluctuation; (ii) the turbulent convective range, (κ/〈v2〉) � t � tL,
where tL is the Lagrangian time scale; and (iii) the turbulent diffusive range where
t � tL (Warhaft 1984; Anand & Pope 1985; Stapountzis et al. 1986). The root-mean-
square (RMS) temperature (θrms) profiles were found to be initially double-peaked, a
phenomenon that disappears and then reappears when the thermal plume is much
larger than the integral scale.

Karnik & Tavoularis (1989) measured the diffusion of heat from a line source in
a homogeneous uniformly sheared turbulent flow. They found that the mean scalar
profile slowly drifted from behind the source location towards the lower-velocity
region. The appearance, disappearance and re-appearance of double peaks in the
transverse profiles of θrms were also observed.

Inhomogeneous shear flows are usually divided into two families: wall-bounded
shear flows and free shear flows. The first includes boundary layer flows and internal
flows. The latter includes wakes, jets and mixing layers.

Lavertu & Mydlarski (2005) studied the scalar mixing from a single line source in
fully developed turbulent channel flow. They used three line source positions and took
measurements at six downstream locations. The source was positioned in a similar
manner to the ones used in the present work (parallel to the wall and perdendicular
to the flow). Their results include mean profiles, RMS profiles, probability density
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functions (PDFs), skewnesses and velocity–temperature correlations. The mean and
RMS profiles were well approximated by truncated Gaussian distributions. Important
differences between turbulent channel flow, grid-generated turbulence (Warhaft 1984)
and homogeneous shear flow (Karnik & Tavoularis 1989) were shown, such as the
displacement of the peak RMS temperature towards the centreline in channel flow.

Fundamental work on scalar dispersion in boundary layers was done by Poreh &
Cermak (1964) and Poreh & Hsu (1971), who studied the diffusion from a line
source in neutrally buoyant conditions. Shlien & Corrsin (1976) studied the mean
temperature profiles of a line source placed at different elevations in planar boundary
layers. They found that the ‘mean temperature profiles approached nearly the same
asymptotic shape in all cases’. The dispersion from a line source in both a plane jet
and a boundary layer was examined by Paranthoën et al. (1988). They developed
and applied a rescaling scheme based on the Lagrangian integral time scale of the
wall-normal velocity fluctuations at the source location. Their work was successful
in collapsing the peak mean temperature onto a single curve. Additional research on
the subject was performed by El Kabiri et al. (1998), who tested various second-order
and third-order closure models on experimental data measured in a boundary layer.
Increasing the complexity of the flow, Vinçont et al. (2000) studied the dispersion
from a line source placed in a boundary layer, downstream of an obstacle. Scalar
turbulence in mixing layers was the subject of a study by Veeravalli & Warhaft (1990).
It was studied in jets by Incropera et al. (1986), Grandmaison, Pollard & Ng (1991)
and Tong & Warhaft (1995).

Hanratty and coworkers have made multiple numerical studies of scalar mixing
in inhomogeneous flow. His group has studied scalar dispersion in low-Reynolds-
number channel flow (Lyons & Hanratty 1991; Papavassiliou & Hanratty 1997;
Na & Hanratty 2000). Kontomaris & Hanratty (1994) studied the effects of molecular
diffusivity on a point source located at the centreline of a turbulent channel flow
and Iliopoulos & Hanratty (1999) simulated the dispersion of fluid particles in
inhomogeneous turbulence.

Other computational works include that of Bernard & Rovelstad (1994), who
examined the accuracy of a scalar transport model in inhomogeneous turbulence.
The turbulent mixing of a passive scalar in pipe flow emitted from a point source was
investigated by Brethouwer et al. (1999). Orlandi & Leonardi (2004) simulated the
behaviour of a passive scalar in turbulent channel flow with wall velocity disturbances
in an attempt to emulate rough-wall channels.

Scalar dispersion from multiple concentrated sources – the subject of this work –
has received much less attention. The principal work in this field is that of Warhaft
(1984), who extended his work on scalar mixing in grid turbulence by studying the
interference of two thermal line sources. He determined the correlation coefficient
between both scalars (ρ) at eight downstream positions for ten different line source
separations (d). His results showed that the evolution of ρ is a function of two
parameters: the non-dimensional separation distance d/�, where � is the integral
length scale, and the non-dimensional downstream distance (x ′/d)(u/U ), where x ′ is
the distance from the line source, u the RMS (longitudinal) velocity and U the mean
(longitudinal) velocity. He completed his work by experimenting with multiple line
sources in an attempt to reinterpret the scalar variance produced by a mandoline.

Tong & Warhaft (1995) investigated the mixing characteristics of temperature
fluctuations produced by two fine annular sources placed axisymmetrically at a given
downstream position in a turbulent jet. They found that the scalar covariance was
strongly dependent on the ring locations and that in 1.5 eddy turnover times the
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mixing was complete in all situations. Their coherency spectra increased faster at
large scales than at small scales and they found faster rates of mixing in a jet than in
grid turbulence.

To aid in modelling competitive-consecutive reactions (reactions where the first is
of the form A + B → C and a subsequent one is of the form A + C → D), Vrieling &
Nieuwstadt (2003) numerically studied the turbulent dispersion from nearby sources
in channel flow. They calculated the scalar covariance resulting from line sources
located symmetrically around the channel centreline and compared their results to
those of Warhaft (1984) for homogeneous grid turbulence, assuming that the central
region of the channel was almost homogeneous.

The objective of the present work is to quantify the interaction of two scalars
generated by line sources in fully developed high-aspect-ratio turbulent channel
flow. This is undertaken by analysing the scalar covariances and cospectra, while
systematically varying the relevant independent variables (e.g. the line source
locations). Studying the scalar mixing process in inhomogeneous turbulence will
serve to further our understanding of similar phenomena in more realistic flows, such
as the atmosphere, internal combustion engines and chemical reactors. Channel flow
is selected because it is the simplest realization of an inhomogeneous turbulent flow.

The remainder of the paper is organized as follows. The experimental apparatus is
presented in § 2. In § 3, the experimental conditions are evaluated. Results are given in
§ 4, where (i) scalar field statistical moments, (ii) scalar correlation coefficients, and (iii)
scalar cospectra and coherency spectra are described. Conclusions are presented in § 5.

2. Apparatus
The present experiments were carried out in the same open-circuit high-aspect-ratio

channel as in Lavertu & Mydlarski (2005). The details of the facility are given in Costa-
Patry (2005) and Lavertu & Mydlarski (2005), and will only be summarized herein.

The air flow is provided by a Hudson Buffalo centrifugal blower. It is powered by a
5.6 kW (7.5 hp) AC motor, whose speed is controlled by an ABB ACS 600 frequency
converter. Downstream of the blower is a flow-conditioning section consisting of a
wide-angle diffuser, a settling chamber (containing an aluminium honeycomb section,
followed by six appropriately spaced screens), and a contraction. The flow exiting
the contraction (and entering the test section) is uniform and has a low turbulence
intensity (∼0.25 %).

The channel test section is 8 m long, 1.1 m high and 0.06 m wide. Its aspect ratio
(18) is large enough to ensure that the bottom and top walls do not affect the flow
field in the centre of the channel, where all measurements are made. The experiments
are performed towards the end of the channel where the flow is fully developed
(Lavertu 2002). Probes were inserted through one of two openings in the channel
sidewalls. Openings were made in the top and bottom walls of the channel at three
different downstream locations to insert the line sources. When an opening is needed
for insertion of a probe or a line source, a special port is used. When not required,
the openings are plugged so that the walls remain hydrodynamically smooth. The
fully developed nature of the flow permits the downstream distance of the probe from
the line sources to be varied by moving either the sources or the probe. A linear
traversing mechanism, controlled by a precision stepper motor (0.01 mm per step), is
used to move probes across the channel.

The line sources are made from fine NichromeTM wire and are placed vertically
in the channel to inject the scalar (temperature). They are kept taut (using weights
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Average line source
Distance (d/h) position (ysav

/h)

0.2 0.5 1.0

0.13 A B C
0.27 D E F
0.50 − H I
1.50 − − G

Table 1. Nomenclature of the nine line sources combinations (A–I). Note the three
combinations that are not physically possible.

2h

Top view

Line source

Probe

ysav
/h

d/h
U(y)

y x

Figure 1. Schematic of the experiment. Solid line: instantaneous thermal wake. Dashed line:
time-averaged wake.

attached to their ends) to counteract their thermal expansion when heated. Both ends
are connected to the terminals of a DC power supply, whose voltage was continuously
monitored to ensure that the energy emitted by the line sources was constant. The use
of two different line source diameters is required to obtain satisfactory signal-to-noise
ratios at large downstream distances. Line sources of 0.127 mm diameter were used
for measurements at x/h= 4.0 and 7.4. In these cases, the power emitted by each line
source was 45 Wm−1. For the other downstream distances, line sources of 0.254 mm
diameter were used. The corresponding power was 100 Wm−1. The difference is taken
into account in § 4. The measurements made using 100 Wm−1 are divided by 2.22 for
mean and RMS temperature measurements, and by 2.222 for measurements of the
temperature variance and spectra, for comparison with measurements made using
45 Wm−1.

The source locations can be specified in terms of the wall-normal distance of
each source (ys1

and ys2
). However, in addition to facilitating a comparison with

homogeneous flows (where the line source separation is the relevant quantity), it is
more logical to specify the source locations in terms of their average wall-normal
distance, ysav

(= (ys1
+ ys2

)/2, which is directly related to the inhomogeneity of the
flow) and the distance between the two lines sources, d (= ys1

− ys2
). See figure 1.

In total, 54 different cases are studied. Six downstream distances are used: x/h = 4.0,
7.4, 10.8, 15.2, 18.6 and 22.0. Nine combinations of wall-normal source locations
were chosen. These combinations cover the regions of interest in the channel. Table 1
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presents the line source positions that are used herein and specifies the nomenclature
used to describe them.

Though the principal results of the present work pertain to the measurement
of temperature, hot-wire anemometry was employed to measure the (longitudinal)
velocity field to characterize the flow (see § 3). Tungsten hot wires of 3.05 μm diameter
were operated at an overheat of 1.8 using a TSI IFA 300 constant-temperature hot-
wire anemometer. The length-to-diameter ratio of the hot wires was approximately
200. TSI 1210 (single-normal) or TSI 1218 (boundary-layer) probes were used. The
hot-wires were calibrated using a TSI 1127 calibration jet with a precision MKS
220D pressure transducer.

Cold-wire thermometry was used to measure the temperature field. The cold wires
were made of Wollaston wire (with a 0.63 μm diameter platinum core) and soldered to
TSI 1210 single-wire probes. The former were operated by a cold-wire thermometer
built at the Université Laval (Québec, Canada) and based on the constant-current
anemometry circuit given by Lemay & Jean (2001) and Lemay & Benäıssa (2001). The
cold wires were calibrated in the same facility as the hot wires, which was modified to
incorporate electric heating of the air upstream of the calibration jet inlet. The length
of the cold wires was approximately 0.5 mm (i.e. lwire/dwire ≈ 800) and the probe current
was 100 μA. The former choice was a compromise between the competing effects of (i)
spatial resolution and (ii) conduction between the cold wire and its prongs (Browne &
Antonia 1987). See Mydlarski & Warhaft (1998) for more details on this subject.
LaRue, Deaton & Gibson (1975) showed that the −3 dB point of the frequency
response of a 0.63 μm diameter platinum cold wire is ∼5 kHz (when the flow velocity
is 5 m s−1). The Kolmogorov frequencies (fη ≡ 〈U〉/(2πη)) herein are approximately
3 kHz. Thus, the cold-wire thermometer has sufficient temporal resolution that a
compensation scheme (such as that of Lemay & Benäıssa 2001) was not necessary.

The output voltages of the hot-wire anemometer and the cold-wire thermometer
were both high- and low-pass filtered using a Krohn-Hite 3382 band-pass filter.
The high-pass filter frequency was set to 0.1 Hz to eliminate any low frequency
non-turbulent fluctuations. The low-pass filter frequency was set slightly above the
Kolmogorov frequency (for the given measurement location) to eliminate any high-
frequency noise. The voltages were then digitized using a 16-bit analog-to-digital board
(National Instruments PCI-6036E), controlled by LabVIEW. Statistical moments of
fluctuating quantities were recorded using data sets consisting of 4.096 × 104 samples
recorded at 200 Hz (for a corresponding record duration of 3.4 min). This sampling
frequency corresponds to roughly the inverse of the integral time scale of the measured
quantities. Spectral data sets (for the calculation of scalar cospectra) consisted of
4.096 × 105 data points. These were sampled at twice the low-pass filtering frequency.
Convergence of these quantities was confirmed in Costa-Patry (2005).

It should be mentioned that the scalar covariances (and cospectra) are calculated
herein from measurements of the scalar field itself using the method of inference
(Warhaft 1981), which employs a sequence of three measurements in which (i) one
line source, (ii) the other line source, and (iii) both line sources are energized. The
scalar covariance arises in the expression of the total variance, defined as〈

θ2
1+2

〉
= 〈(θ1 + θ2)

2〉 =
〈
θ2
1

〉
+

〈
θ2
2

〉
+ 2〈θ1θ2〉.

Using this relationship, the scalar covariance can be estimated from the above-
mentioned three quantites:

〈θ1θ2〉 = 1
2

(
〈(θ1 + θ2)

2〉 −
〈
θ2
1

〉
−

〈
θ2
2

〉)
,
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〈U〉y/h=1 [m s−1] 5.2
urmsy/h=1

[m s−1] 0.19

u� [m s−1] 0.26
εy/h=1 [m2 s−3] 0.57
ηy/h=1(≡ (ν3/ε)3/4) [mm] 0.28
Re(= 〈U〉y/h=1h/ν) 10200
Reτ (= u∗h/ν) 510

Table 2. Flow parameters. h = 0.030m; ν = 15.3 × 10−6 m2 s−1.
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Figure 2. Mean velocity profile plotted in wall units. The solid line corresponds to the
log-law.

where all three terms on the right-hand side are independently measured. Cospectra
can be calculated from an analogous relationship between the three measured scalar
spectra.

3. Experimental conditions and sources of error
The details of the experimental conditions and sources of error are summarized in

this section. For more information, see Costa-Patry (2005).
The flow consisted of fully developed high-aspect-ratio turbulent channel flow. The

agreement between the measured velocity profile and the log-law was within 2 %.†
The properties of the flow are specified in table 2. The velocity profile is shown in
figure 2.

The temperature–velocity correlations emanating from a single line source were
measured by Lavertu (2002), who showed that the ratio of buoyant production
to dissipation is at most 1.7 %. Thus the scalar can be considered to be passive.
Furthermore, Lavertu (2002) showed that the thermal fields produced by 0.127 mm and
0.254 mm diameter line sources were statistically identical and therefore independent

† The quoted error applies for y+ > 30 and y/h < 0.3 – the range of applicability of the log-law

(Pope 2000), defined by u+ = (1/κ) ln(y+)+B , where u+ ≡ 〈U〉/u�, y
+ ≡ u�y/ν, u� ≡

√
ν(d〈U〉/dy)y=0,

κ = 0.41 and B =5.2.
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of source diameter. Lastly, the channels walls can be approximated as being adiabatic,
as detailed in Lavertu (2002).

Costa-Patry (2005) performed a series of tests to verify the symmetry of the scalar
field about the channel centreline. These included: (i) measuring the probability density
functions (PDFs) of the scalar field emitted from a centreline source at transverse
locations equidistant from the centreline, and (ii) confirming the even symmetry (about
the channel centreline) of the RMS scalar profile generated by a pair of line sources
symmetrically located about the channel centreline (e.g. ysav

/h= 1.0 and d/h = 1.50).
All tests confirmed the necessary symmetries of the scalar field.

There are two sources of wall-normal positioning error. First, the wall-to-line-
source distance has a maximum positioning error of ±0.15 mm. Secondly, the error
in estimating the wall-to-probe distance is ±0.20 mm. Thus the total positioning error
in the wall-normal direction is ±0.35 mm or ±1.2 % of h. Downstream distances are
accurate to within 1mm (x/h= 0.033).

Background thermal noise with contributions between the high- and low-pass
filtering frequencies is not removed by the previously mentioned band-pass filters.
However, it was measured before and after each experiment and subtracted from all
measurements (on a mean-square basis, assuming zero correlation between the signal
and the noise). Note that experiments were only performed when the background
RMS thermal noise was less than 0.06◦C.

4. Results
The results are divided into a discussion of the scalar field statistical moments (§ 4.1),

the scalar correlation coefficients (§ 4.2) and the scalar cospectra and coherency spectra
(§ 4.3). As expected, the cospectra and coherency spectra for the 54 cases represent
a large amount of data. Therefore, only selected results containing the important
elements will be presented in this last subsection.

4.1. Scalar field statistical moments

Mean temperature profiles for a single line source in turbulent channel flow were
thoroughly discussed in Lavertu & Mydlarski (2005). They found that the transverse
peak location of the mean profile stays at the line source position, ys/h, for the range
of x/h studied. The mean profiles were reasonably well approximated by truncated
Gaussian distributions, though their accuracy decreased with increasing downstream
distance. The mean peak temperature excesses were found to decay as x−0.7.

Given that the advection–diffusion equation is linear in temperature (when
considering passive scalars), the mean temperature profiles behind two line sources
can be deduced from the superposition of those produced by a single source. This is
verified in figure 3. Consequently, mean temperature profiles formed by multiple line
sources can be inferred from the results of Lavertu & Mydlarski (2005) and are not
discussed herein.

Figure 4 presents the transverse normalized θrms profiles for the nine combinations
of line source locations. The θrms profiles depend on d/h, ysav

/h and x/h. If the plumes
are barely interacting (which corresponds to large d/h and/or small x/h), then the
θrms profiles are well separated and double peaks dominate. Double peaks in the θrms

profiles emitted from two scalar sources were also observed in grid turbulence by
Warhaft (1984) and in numerical simulations of turbulent channel flow by Vrieling &
Nieuwstadt (2003).
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Figure 3. Typical transverse mean temperature excess (T −T∞) profiles. (a) Case B, x/h = 4.0.
(b) Case F, x/h = 10.8. The vertical dashed lines are drawn at the locations of the line sources.
�: Both line sources energized. �: Left line source energized. +: Right line source energized.
×: Algebraic sum of � and +.

When ysav
/h= 0.2, double peaks were not witnessed, though they presumably occur

for x/h < 4, before the merging of the two thermal wakes. This accelerated blending
of two near-wall thermal wakes into one can be linked to the presence of (i) the
boundary, which concentrates the heat on one side of the line source, and (ii) the
higher turbulent kinetic energy in this zone. For source locations with ysav

/h= 1.0,
double peaks are present for a much longer time and for all d/h. The larger d/h

cases are slower in merging their thermal wakes and the double peaks remain. For
example, some thermal wakes are clearly not interacting (e.g. case G). Profiles with
ysav

/h= 0.5 present hybrid characteristics; they start as double peaked and become
single peaked at larger x/h. The θrms profiles measured in homogeneous turbulence
by Warhaft (1984) most closely resemble those of the present work when ysav

/h= 1.0.
This is expected given that the centre of the channel is the least inhomogeneous part
of the flow.

It is also worth noting that the peaks of the θrms profiles for combinations with
ysav

/h= 0.2 and 0.5 move towards the channel centreline. A similar peak movement
was also observed for plumes emitted from single line sources (Lavertu & Mydlarski
2005). Therein, it was shown that the displacement rate of the peaks is a function
of the line source location: the closer to the wall, the faster the displacement. The
same observation holds in the present case; the movement of the peak accelerates as
the average line source location moves away from the channel centreline, towards the
wall.

It has been observed that the peak of the θrms profiles (θrms–peak) generated by a single
line source in different turbulent flows follows a power-law decay in x: θrms–peak ∝ xn.
Figure 5 presents the downstream evolution of θrms–peak for the nine combinations. It
was found that the decay is proportional to n= −0.9 when only one line source is
energized, consistent with the results of Lavertu & Mydlarski (2005) for a single line
source in channel flow. In homogeneous turbulent shear flow, Karnik & Tavoularis
(1989) found two regimes using a single line source, one having n= −0.85 and the
other having n= −1.7. Warhaft (1984) found, in isotropic turbulence, a value of
n= −0.8 for xo/M � 3. In cases where the level of interaction between the thermal



358 E. Costa-Patry and L. Mydlarski

(a) (b) (c)

(d) (e) ( f )

(g) (h) (i)

0

0.25

0.50

0.75

1.00

0.25

0.50

0.75

1.00

0.5 1.0 1.5 2.0 0

0.25

0.50

0.75

1.00

00.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0

0.25

0.50

0.75

1.00

0 0.5 1.0 1.5 2.0

0.25

0.50

0.75

1.00

0 0.5 1.0 1.5 2.0

θ
rm

s/
θ

rm
s-

pe
ak

0

0.25

0.50

0.75

1.00

0.5 1.0 1.5 2.0

θ
rm

s/
θ

rm
s-

pe
ak

0

0.25

0.50

0.75

1.00

0.5 1.0 1.5 2.0

θ
rm

s/
θ

rm
s-

pe
ak

y/h

0

0.25

0.50

0.75

1.00

0.5 1.0 1.5 2.0

y/h

0

0.25

0.50

0.75

1.00

0.5 1.0 1.5 2.0

y/h

Figure 4. Transverse normalized θrms profiles for the nine combinations of line source
locations. (a) Case A. (b) Case B. (c) Case C, etc. The vertical dashed lines are drawn at
the locations of the line sources. �, x/h = 4.0; �, x/h = 7.4; +, x/h =10.8; ×, x/h = 15.2; �,
x/h =18.6; �, x/h = 22.0.

wakes is negligible, the two-line-source θrms–peak values behave like those behind a
single line source and therefore have the same decay exponent. This is true for cases
G and I in figure 5. However, when the level of interaction is significant, the decay
of the peak of the θrms profiles for two line sources is less accurately described by a
power law, and θrms–peak can be less than, equal to, or greater than the sum of the
peak RMS temperatures for the individual line sources.

Figure 6 shows selected θrms profiles with two line sources energized as well as
each line source energized independently. It is clear from figure 6 that the θrms profile
for both line sources energized cannot be directly obtained from the addition of the
single-line-source data. The covariance is therefore an important parameter.
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Figure 5. Downstream evolution of the peak θrms for the nine combinations of line source
locations. (a) Case A. (b) Case B. (c) Case C, etc. �, Both line sources energized; �, first line
source energized; +, second line source energized.

4.2. Scalar correlation coefficient evolution

The non-dimensional form of the scalar covariance (〈θ1θ2〉) is the correlation
coefficient:

ρ ≡ 〈θ1θ2〉〈
θ2
1

〉1/2〈
θ2
2

〉1/2
,

which is used to describe the mixing process. The correlation coefficient rates the
quality of the mixing process whereas the covariance represents the total amount of
mixing. Consequently, ρ can be high in a region where 〈θ1θ2〉 is small.
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(c) Case F, x/h = 4.0. The vertical dashed lines are drawn at the locations of the line sources.
�, Both line sources energized; �, first line source energized; +, second line source energized;
×, algebraic sum of � and +.

In turbulent channel flow, ρ is a function of four parameters: the downstream
distance (x/h), the wall-normal distance (y/h), the separation between the line sources
(d/h) and the average position of the line sources (ysav

/h). As was the case in § 4.1
for θrms , all four variables should affect the evolution of the covariance.

Consider the downstream evolution of ρ for transverse locations y such that
ys1

< y < ys2
. Note that ρ does not exist for small x/h because it is undefined when

one (or both) of the scalar variances (〈θ2
1 〉 and/or 〈θ2

2 〉) are zero. In other words, ρ

is undefined at probe locations that never sample one (or both) of the two plumes.
Immediately beyond the region in which ρ is undefined is a region in which, at
any time, the probe samples one of the two thermal plumes (or neither of them),
but never both simultaneously. In this second region, both plumes are still narrow,
and their meandering is dictated by the motions of the largest eddies, which ‘flap’
them up and down in concert. Here, the probe is rarely exposed to either plume
and is predominantly within the free stream between the two plumes. Consequently,
the correlation coefficient is effectively zero. As the flapped plumes widen, the probe
alternately samples the individual plumes for longer periods (and therefore samples
the free stream for shorter ones). As a result, the correlation coefficient becomes
increasingly negative, given the anticorrelated fluctuations of the two plumes. The
proof that ρ is negative in regions where the plumes never instantaneously overlap was
given in Warhaft (1984, p. 375–376). In these regions, the correlation of instantaneous
temperature excesses (〈�Θ1�Θ2〉) is zero by definition. (�Θ = Θ−T∞ = �T +θ , where
Θ (= T + θ) is the instantaneous temperature and where �T ≡ T − T∞ is the mean
temperature excess, shown in figure 3.) Expansion of 〈�Θ1�Θ2〉 = 0 indicates that the
covariance of the fluctuations 〈θ1θ2〉 (and therefore the correlation coefficient) must be
negative. When the least amount of time is spent sampling the free stream, the correl-
ation coefficient achieves a minimum before reversing and increasing towards positive
values. (Note that the downstream location for which ρ is minimum increases with
d/h because the two plumes need to travel farther before they interact for larger d/h.)

The zone in which ∂ρ/∂x < 0 is characterized by the sampling of one wake or the
other (but not both). As the plumes broaden and eventually start to mix/overlap,
the probe measures in both wakes more and more frequently, and ∂ρ/∂x becomes
positive. In this second zone, the overlapping of the two plumes continually increases,
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with a subsequent increase in ρ. When both plumes begin to mix, the correlation of
instantaneous temperature excesses (〈�Θ1�Θ2〉), which was zero when the plumes did
not overlap, becomes positive. (This quantity can never be negative.) As ρ increases
from its minimum value to zero, the correlation of instantaneous temperature excesses
(〈�Θ1�Θ2〉) is smaller than the correlation of mean temperature excesses (〈�T1�T2〉).
When ρ is zero, they are both equal. Finally, as ρ tends from zero to its final, maximum
value when both plumes are thoroughly mixed, 〈�Θ1�Θ2〉 exceeds 〈�T1�T2〉.

The above-described evolution is controlled by two mechanisms: flapping of the
thermal wake and internal turbulent mixing. Both are caused by the turbulence, but
are different in their characteristic (length and time) scales. The former is dominant
early in the downstream evolution, is caused by the bulk displacement of the thermal
wakes, and leads to anticorrelation of the scalar fluctuations. It is a large-scale
phenomenon that is dictated by the integral-size eddies. Flapping is present throughout
the downstream evolution, but diminishes in relative importance as the thermal wakes
widen.

Internal turbulent mixing is effected by eddies of various sizes contained within the
thermal plumes. The former mix energy rapidly, and in conjunction with molecular
diffusion, bring about mixing at the molecular level, and therefore positive correlation
coefficients. (Recall that as long as the two plumes do not overlap, i.e. when
〈�Θ1�Θ2〉 =0, the covariance 〈θ1θ2〉 and correlation coefficient must be negative.) As
the overlap zone of the plumes broadens with increasing downstream distance, so do
the correlation coefficient profiles. The downstream evolution of ρ is the subject of
this section.

4.2.1. Transverse profiles

The transverse profiles of ρ at different downstream positions for the nine source
combinations are shown in figure 7. The correlation coefficient is sensitive to minor
changes in the θrms values. Repetition of the experiments showed that a precision of
±0.05 in ρ is obtained. If no ρ profile is shown for a given x/h in figure 7, it is
because ρ is equal 0 or 1, within experimental error.

We first remark that the maximum values of ρ are found at the edges of the thermal
wake. From an instantaneous point of view, the thermal wakes are not continuously
present in the tails of the θrms profiles. Occasionally a large eddy carries part of the
plumes there. When the two line sources are close together, a large eddy will move both
plumes simultaneously, thus causing the large values of ρ in the tails of the profiles.

The presence of a minimum ρ value close to ysav
/h is due to measurements taking

place in one wake and then in the other, as discussed above. Early downstream, when
the two line sources are close together, integral-size eddies move both thermal wakes
simultaneously in the same direction and no instantaneous overlapping of the wakes
exists (Warhaft 1984). This leads to a negative correlation coefficient. The minimum
in ρ between the sources, as well as the large values of ρ in the tails of the profile,
were both observed by Warhaft (1984) and Tong & Warhaft (1995).

The minimum in the transverse profiles of ρ for combinations centred at ysav
/h= 0.2

and 0.5 moves towards the wall with increasing x/h. Tong & Warhaft (1995) observed
a movement of the minimum ρ towards the jet centreline. These phenomena may be
related given that, in both cases, the minimum is moving towards a region of high
turbulent kinetic energy and, in turbulent channel flow, towards a zone where flapping
is less important (due to presence of the wall). Finally, with increasing downstream
distance, the internal turbulent mixing increases and the ρ profiles flatten.
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Figure 7. Transverse profiles of ρ for the nine combinations of line sources locations. (a) Case
A. (b) Case B. (c) Case C, etc. The vertical dashed lines are drawn at the locations of the
line sources. �, x/h = 4.0; �, x/h = 7.4; +, x/h = 10.8; ×, x/h =15.2; �, x/h = 18.6; �,
x/h =22.0. If no profile is shown for a given x/h, it is because ρ is effectively 0 or 1.

4.2.2. Evolution of ρysav /h

To compare the evolution of different source combinations, both the minimum value
of ρ measured in the transverse profile (ρmin) and ρ evaluated at y = ysav

/h (ρysav /h)
were studied because they were representative of the profiles of ρ. Warhaft (1984)
and Tong & Warhaft (1995) used ρysav /h in their analyses. In homogeneous flows,
both quantities could be expected to be the same, as is also the case in symmetric,
inhomogeneous flows, such as the present one when ysav

/h= 1.0 (cases C, F, G and I).
In these cases, homogeneity and/or symmetry do not require that ρmin = ρysav /h. They
only require that the ρ profile exhibit a local extremum (i.e. ∂ρ/∂y = 0) at ysav

/h= 1.
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This extremum is, however, a minimum, as observed in the previous figure and the
results of Warhaft (1984). However, in general, the two quantities differ, as can be seen
in figure 8, which plots ρmin and ρysav /h for ysav

/h= 0.5. When x/h � 10.8, it is observed
that ρmin and ρysav /h are effectively equal. When d/h = 0.27 and 0.5, the differences
in the two correlation coefficients are as high as �ρ =0.2. Nevertheless, given that
the differences are not excessive, only ρysav /h is discussed herein in the interest of
conciseness. A complete analysis of ρmin can be found in Costa-Patry (2005).

Figure 9 shows the evolution of ρysav /h with respect to x/h for different ysav
/h,

holding d/h constant in each subfigure. Up to x/h = 7.4, the values of ρysav /h are
similar for a given d/h. For x/h > 7.4, combinations with ysav

/h= 0.2 rapidly increase
towards ρysav /h = 1. Such jumps were also seen by Tong & Warhaft (1995) in similar
situations. For x/h > 7.4, the combinations with ysav

/h= 1.0 generally exhibit larger
ρysav /h than those with ysav

/h= 0.5. Furthermore, note that the profiles with d/h = 0.50
start at ρysav /h = 0 and continuously decrease; they are still in the first part of their
development and the downstream domain is too short to observe their ultimate rise
towards positive ρ.
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Figure 10. Evolution of ρysav /h with respect to the downstream position (x/h) for different
source separations (d/h). (a) ysav

/h =0.2, (b) ysav
/h = 0.5, (c) ysav

/h = 1.0. �, d/h = 0.13; �,
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Vrieling & Nieuwstadt (2003), figure 11. Short-dashed line: d/h = 0.12; long-dashed line:
d/h =0.28; solid line: d/h =0.4.

Figure 10 plots the evolution of ρysav /h with respect to x/h for different d/h, holding
ysav

/h constant in each subfigure. It is clear from these figures that the closer together
the line sources (small d/h), the faster the correlation coefficient evolves from negative
to positive values. Small d/h allows internal turbulent mixing to occur sooner as the
thermal plumes will overlap more rapidly. Similarly to figure 9, figure 10 shows that,
early downstream, d/h is a more important factor than ysav

/h. In other words, early
downstream, the mixing somewhat resembles that occurring in grid turbulence, where
ρ is only a function of the separation distance between the line sources and the
downstream position (Warhaft 1984). As expected, the effect of the inhomogeneity is
largest when the sources are close to the wall.

In addition, the data of figure 10(c) can be directly compared with the results of the
direct numerical simulation (DNS) of Vrieling & Nieuwstadt (2003), who calculated
the thermal fields behind line sources located symmetrically about the channel
centreline (i.e. for ysav

/h= 1.0). The agreement between the present experiments and
their DNS is good, and best for x/h > 10 when d/h = 0.27 and d/h = 0.50 (i.e. for
the larger source separations). The fact that the agreement is best when d/h and x/h

are large may imply that the effect of the initial conditions may be important when
comparing experiments and DNS of dispersion from concentrated sources.

Figure 11 plots ρysav /h as a function of ysav
/h. It is observed that the combinations

with ysav
/h= 0.2 separate from the others between x/h ≈ 10 and 15. It appears that

the high turbulence intensity at the wall rapidly increases ρysav /h for combinations
with ysav

/h= 0.2 through increased turbulent mixing. This does not affect other
combinations with larger ysav

/h as they are too far from the wall.
Figure 12 plots ρysav /h as a function of d/h. As x/h increases, the results for the

smallest separation (d/h = 0.13) increase more rapidly. The previously observed jump
in ρysav /h for sources with ysav

/h= 0.2 is also observed in these figures. Furthermore,
the results for ysav

/h= 0.5 and 1.0 behave in a similar manner; ρysav /h is generally
higher with ysav

/h= 1.0 than with ysav
/h= 0.5. This is presumably due to the higher

levels of mixing by wake flapping which are present for ysav
/h= 1.0.
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Figure 11. Evolution of ρysav /h with respect to the average position of the line sources (ysav
/h)

for different source separations (d/h). (a) x/h = 4.0, (b) x/h = 7.4, (c) x/h =10.8, (d) x/h =
15.2, (e) x/h = 18.6, (f ) x/h = 22.0. �, d/h = 0.13; �, d/h =0.27; +, d/h =0.50.

4.2.3. Comparisons with mixing in other flows

As discussed in § 1, Warhaft (1984) was able to collapse the evolutions of ρ for the
mixing of two scalars in isotropic turbulence. The correlation coefficient in isotropic
turbulence was shown to be a function of two parameters, d/� and (x ′/d)(v/U ).
Figure 9 showed the dominance of d/h in the mixing early downstream. Thus, some
ρ evolution profiles appear similar to those in grid turbulence. However, it must be
noted that this simplification only holds at best for ρysav /h. The evolution of the ρ

profiles presented in figure 7 is clearly dependent on d/h, ysav
/h and x/h at all times.

Figure 13 presents an attempt to collapse the ρysav /h evolutions with ysav
/h= 0.5

and 1.0 using Warhaft’s (1984) non-dimensionalization, (x/d)(v/U ), where v is the
fluctuating RMS velocity in the wall-normal direction (evaluated at ysav

/h), x/U

represents the time from scalar insertion to probe measurement and d/v is the lateral
convective time scale; v values were determined using the results of Moser, Kim &
Mansour (1999). As is evident from figure 13, Warhaft’s (1984) non-dimensionalization
cannot account for the effect of the inhomogeneity – even for the two source locations
least affected by the inhomogeneity: ysav

/h= 0.5 and 1.0. Furthermore, it can be noted
that the limited collapse of the data is worse for figure 13(b) than for figure 13(a). This
is explained by the increased effect of the inhomogeneity for larger source separations
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(d/h = 0.27 in figure 13(b) versus d/h = 0.13 in figure 13(a)). Lastly, it is possible that
a more complex non-dimensionalization could accurately collapse the present data;
however, none was discovered.

Another possible parallel between grid turbulence and turbulent channel flow would
be that, for combinations with ysav

/h= 1.0, ρysav /h would share an equivalent evolution
(up to a certain downstream distance) given that turbulent channel flow is almost
homogeneous around y/h= 1.0. This assumption was used by Vrieling & Nieuwstadt
(2003) to justify the comparison of their simulations with published experimental
results (Warhaft 1984). To pursue this notion, it is worth comparing figure 14 of
Warhaft (1984) and figure 9 of Tong & Warhaft (1995) with the results of figure 9.
The former two figures plot the downstream evolution of ρysav /h in grid turbulence
(Warhaft 1984) and in a turbulent jet (Tong & Warhaft 1995). A turbulent jet is both
inhomogeneous and decaying, and is therefore more complex than grid turbulence
(or turbulent channel flow, for that matter).

In view of figure 9, the results of Warhaft (1984), and those of Tong & Warhaft
(1995), one can conclude that in turbulent channel flow, ρysav /h (with ysav

/h= 1.0)
evolves in a similar manner to ρysav /h in grid turbulence for the smaller downstream
distances. Tong & Warhaft (1995) have shown that in a turbulent jet, ρ increases
more rapidly than in grid turbulence. This was also observed for turbulent channel
flow when ysav

/h= 0.2, where the high turbulence intensity near the wall leads to
faster mixing.

The mixing of thermal fields in such different flows can also be considered within
the context of their structure. A principal difference between grid turbulence, turbulent
jets, and turbulent channel flows is the bounded nature of the latter. The presence of
the channel walls is clearly a significant factor and can have a variety of effects on
the mixing therein.

First, the bounded nature of the flow limits the growth of the thermal plumes
emanating from the concentrated sources. In other words, the plume width will never
exceed the integral length scale of the flow. Whereas a scalar plume emitted from
a concentrated source in homogeneous isotropic grid turbulence will exhibit three
regimes in its evolution (molecular–diffusive, turbulent–convective, and turbulent–
diffusive – Anand & Pope 1985; Stapountzis et al. 1986), a plume emitted in turbulent
channel flow will never enter a turbulent–diffusive stage as it requires that the plume
width be larger than the integral length scale of the turbulence†. Hence, similarly
to unbounded flows, the growth of a plume within turbulent channel flow will be
initially dominated by molecular diffusion, then by turbulent advection. However, far
downstream, it will not grow due to the action of a traditional turbulent diffusivity,
but rather will be subjected to shear flow dispersion (Taylor 1953, 1954). The latter is
not applicable to the present work because it is valid only for very large downstream
distances/times, well beyond the x/h= 22.0 limit of the current work. This limitation
on the growth of a single plume must have a significant effect on the mixing of two
scalars emitted from two sources.

It is difficult to quantitatively compare the results of Warhaft (1984) or those of
Tong & Warhaft (1995) to ours for two reasons. First, given that both of the afore-
mentioned flows are decaying, the properties of the flow change in the downstream
direction (e.g. tL, �, the turbulence intensity, etc.). This is not the case in fully developed

† It should be pointed out that this limitation also holds for plume released from a concentrated
source within a turbulent jet, given that the plume width cannot grow larger than the integral length
scale/half-width of the jet.
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turbulent channel flow. Secondly, the extent of the downstream measurements in
Warhaft (1984) is quite different to those presented herein. For all but the smallest
wire separation (d = 1 mm), Warhaft’s (1984) measurements of ρ were distributed
across the range 0.4 < t/tL < 14, so that he was also able to observe the mixing within
the turbulent diffusive regime, which occurs for t � tL. The present measurements
spanned the range 0.4 < t/tL < 2.0 (based on t = x/〈U〉y/h = 1), leaving generally two
data points of Warhaft (1984) with which to compare. (The range of t/tL in the
experiments of Tong & Warhaft (1995) extends from 0.1 to 1.6.)

Nevertheless, we can attempt to explain the above-mentioned qualitative
observation that the near-wall mixing of two scalars fields in a bounded flow may be
better than that in homogeneous isotropic turbulence. First, the channel walls limit
the spread of the plumes, allowing the plume from the source located farther from
the wall to ‘catch up’ and mix with the other plume emitted from the source closest
to the wall. In an unbounded flow, it is conceivable that the edges of the plume will
be composed solely of scalar that was emitted from the source closest to that side of
the plume. Consequently, the mixing at the edges of the plume may be better in a
bounded flow. Furthermore, the turbulent kinetic energy is highest near the walls in
a turbulent channel flow, thus further increasing the near-wall mixing that occurs in
a plume that approaches one or both walls. Such a notion is consistent with PDFs
of the scalar field behind single line sources in turbulent channel flow (Lavertu &
Mydlarski 2005). In that work, it was observed that near-wall PDFs exhibited better
mixing (by being much more Gaussian in shape) that those farther from the wall
(which were more exponential in nature). Lavertu & Mydlarski (2005) associated
the exponential PDFs of the scalar field with flapping of the plume. For near-wall
sources, such PDFs were only observed near the edges of the plume. However, the
PDFs for plumes released at the channel centreline were exponential in nature for all
transverse locations (i.e. even directly behind the source) and for all but the farthest
downstream distances. This was associated with more intense flapping of the plume
for centreline sources, given that there is no nearby wall to limit the flapping. Because
the flapping of plumes is a large-scale coherent motion, it does not serve to mix
two plumes well, which is consistent with the observed anticorrelation of the two
scalar fields. Lastly, when the plume has spread all the way to a wall, entrainment of
ambient ‘scalar-free’ fluid will no longer be possible from that side of the plume, thus
enhancing the mixing.

In summary, the presence of the wall in channel flow serves to improve the mixing
by three mechanisms: (i) limiting the growth of the plume, (ii) increasing the turbulent
mixing due to the increased turbulent kinetic energy near the wall, and (iii) limiting
the flapping of the plume, which inhibits mixing (since both plumes are advected
together and do not interact) and leads to anticorrelation of the scalar fluctuations.
None of these factors play a role in grid turbulence where the plume growth is
unlimited, the turbulent kinetic energy is constant given the flow’s homogeneity,
and there is nothing limiting the flapping of the plume by the largest eddies (until,
of course, the plume grows to be larger than these eddies). In a turbulent jet,
the integral length scale of a thermal field rapidly grows to the same order as
that of the velocity field, then continues to grow at the same rate as the velocity
field (Tong & Warhaft 1995). Therefore, the scalar field is, in a sense, bounded
by the extent of the turbulent jet, even though it can nevertheless continue to
grow and entrain ambient fluid. Furthermore, in a jet, the turbulent kinetic energy
is largest in the core of the jet, not at its boundaries, unlike turbulent channel
flow.
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Figure 14. Cospectra and coherency spectra for case B (ysav
/h =0.5, d/h = 0.13) measured at

y = ysav
/h. (a) Cospectra. From bottom to top, the curves correspond to x/h = 4.0, x/h = 7.4,

x/h = 15.2 and x/h =18.6. Each subsequent curve has been shifted up by 0.25 with respect
to the previous curve. (b) Coherency spectra. From bottom to top, the curves correspond to
x/h = 4.0, x/h = 7.4, x/h = 15.2 and x/h =18.6. Each subsequent curve has been shifted up
by 0.50 with respect to the previous curve. Note that the curves are fits (Stineman 1980) to the
coherency data, shown as dots. (Given that the coherency is defined as a ratio of spectra, the
coherency spectra are noisier than the individual spectra or cospectra.)

4.3. Scalar cospectra and coherency spectra

In this section, a representative selection of the nine line source combinations (cases
B, D and I) is studied by means of spectral analysis to investigate the mixing at
different scales. Figures 14–16 show the cospectra, Cθ1θ2

(f ), and coherency spectra,
ρ(f ) (≡ Cθ1θ2

(f )/[Eθ1
(f )Eθ2

(f )]1/2), for these source combinations. Consistent with
the approach of Tong & Warhaft (1995), the cospectra are non-dimensionalized by
dividing by the peak of the θrms profiles behind single line sources and multiplying by
frequency. Plotted in this manner, the area under the cospectra is then proportional
to the covariance.

It can be concluded from figures 14(a), 15(a) and 16(a) that most of the production
of covariance (negative or positive) is contained between κη =0.01 and 0.1 (10 to
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Figure 15. As figure 14 but for case D (ysav
/h = 0.2, d/h =0.27).

100 times the Kolmogorov microscale (the integral scale is approximately 100η in
the present flow), where 2πf/〈U〉 is the wavenumber, κ . As would be expected,
the downstream evolution of the cospectra follows the downstream evolution of the
correlation coefficient. In other words, negative cospectra occur when ρ is negative,
etc. The general trend towards positive covariance as x/h increases is clear from the
figures. Furthermore, it also appears that the peak in the covariance occurs for lower
frequencies (i.e. larger scales) with increasing x/h. This is most evident in figures 14(a)
and 15(a), which plot data for the largest ‘effective’ downstream distances because
the data presented therein is for the smallest wire separations (d/h = 0.13 and 0.27,
respectively).

The coherency spectrum (i.e. the non-dimensionalized cospectrum) can be consi-
dered as a spectral correlation coefficient. For the smallest x/h, it can be observed
that the coherency spectrum at large scales (i.e. lower frequencies) is more negative
than that at small scales. This derives from the initial anti-correlation associated
with simultaneous flapping of both plumes by large-scale eddies. Furthermore, the
downstream distance to which this observation continues to hold increases with
increasing wire separation (d/h). This is attributed to the previously mentioned
inverse relationship between the interaction of the two scalar fields and the source
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Figure 16. Cospectra and coherency spectra for case I (ysav
/h = 1.0, d/h =0.5) measured at

y = ysav
/h. x/h = 4.0: dotted line; x/h = 7.4: solid line; x/h = 15.2: dashed line. (a) Cospectra.

(b) Coherency spectra.

separation. (Clearly, plumes emitted from sources with large separations will take
longer to interact than ones emitted from sources with small separations. Recall that
(x ′/d)(v/U ) was found to collapse the data well in homogeneous turbulence (Warhaft
1984), though this normalization is less successful in collapsing the present data.) For
these coherency spectra, the small scales are closer to zero, given that the scalar fields
in this region have not yet experienced much internal turbulent mixing. However,
they are clearly negative, as was also observed in Tong & Warhaft (1995).

For locations farther downstream, the coherency spectra develop a quasi-plateau
over all but the smallest scales. Its value corresponds to the overall correlation
coefficient for the same conditions (i.e. same ysav

/h, d/h, x/h, and y/h) and therefore
tends to positive values for larger x/h. The value of the coherency at small scales
seems to lag behind the large-scale coherency in its evolution. This could be due to
the additional time required for the coherence to be transferred to smaller scales. If
so, the small-scale coherency should eventually asymptote to the values observed at
large scales, as was observed in the turbulent jet of Tong & Warhaft (1995). That
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being said, the large-scale coherency observed herein is smaller than that observed
in Tong & Warhaft (1995) for their farthest downstream distance (even though both
sets of experiments span similar ranges of t/tL). The difference may be related to
the entrainment of ambient air in the turbulent jet, because, as explained by Tong &
Warhaft (1995), ‘the entrainment of the ambient air by the jet starts to produce similar
structures in both scalar fields, and thus ρ(f ) tends towards positive values at large
scales’. Though there is clearly no entrainment of ambient fluid in the present turbulent
channel flow, the relationship between the large-scale mixing of the plume (with the
surrounding fluid) and the the large-scale coherency has yet to be determined.

Finally, it is of interest to point out that near the wall (figure 15, case D), the
high turbulence intensity results in a noticeable variation in the coherency across the
scales. The large-scale coherency changes much faster than that of the small scales.
Furthermore, it is for this case that the coherency spans the largest range of values
(−0.8 � ρ(f ) � 0.5). Given that turbulence production is a large-scale phenomenon,
its effect is probably first felt at low frequencies and, as mentioned above, will only be
felt at the smaller scales after sufficient time has passed for the mixing to be transferred
down to the smaller scales. Of the three coherency spectra presented herein, that for
figure 15 (case D) most closely resembled the results of Tong & Warhaft (1995), which
were only given for one pair of source locations. (Had they presented coherency
spectra for other source combinations, they would have undoubtedly also observed
different evolutions of ρ(f ). This, however, was not the main focus of their study.)

5. Conclusions
The objective of this work was to study the mixing of two scalars in turbulent

channel flow and, more specifically, to analyse the evolution and interaction of two
thermal fields released from concentrated sources. To this end, nine combinations
of source locations were studied at six different downstream distances for a total of
54 sets of measurements. Transverse profiles of (i) the mean excess temperature, (ii)
the RMS temperature fluctuations, and (iii) the correlation coefficient were studied.
Typical cospectra and coherency spectra of the two temperature fields were also
presented.

It was shown that the mean temperature excess profiles could be deduced from those
emitted from a single source. However, the additive property of the mean temperature
excess profiles emitted from two line sources was not exhibited by the corresponding
θrms profiles, which were therefore studied in detail. They were found to depend on
three parameters: (i) the separation distance between the line sources (d/h), (ii) their
average wall-normal position (ysav

/h), and (iii) the downstream position (x/h) of the
measurement probe.

The transverse θrms profiles produced by two sources revealed some similarities
with those emitted from one source. For example, the peak of the θrms profiles
drifted towards y/h= 1.0 for line source pairs with ysav

/h= 0.2 and 0.5. Furthermore,
the peak of the θrms profiles emitted from two sources decayed with increasing
downstream distance. Many differences also existed. Some of the transverse profiles
exhibited double peaks in the early stages of their evolution. Double peaks were
the most persistent for source locations with ysav

/h= 1.0 (where flapping of the
thermal wakes was strongest and internal turbulent mixing the weakest). They were
the least common for sources with ysav

/h= 0.2 (where flapping of the wakes was the
weakest and turbulent mixing the strongest). In addition, the downstream decay of
the peaks of the measured θrms profiles was not well represented by a power law
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(excluding situations where the two wakes had not yet interacted), unlike θrms profiles
generated by one source.

The correlation coefficient (ρ) was used to evaluate the mixing of the two scalars. It
was also found to depend on d/h, ysav

/h, x/h, and y/h. When measured within regions
that are exposed to the instantaneous plumes of each line source, the correlation
coefficient is no longer undefined and initially takes on small negative values. Farther
downstream, the correlation coefficient becomes increasingly negative, due to the early
dominance of flapping of the thermal wakes by turbulent eddies (before the wakes
have widened significantly). The correlation coefficients’ subsequent increase and
tendency towards positive correlations, and perhaps ultimately an asymptotic value,
were not observed for most cases, given the finite length of the channel test section.
Usually, ρ was highest in the tails of the profiles, where θrms was small. This was at-
tributed to strong, but rare, eddies that would advect (in the transverse direction) both
thermal wakes far away from their sources. Minima in ρ were observed for transverse
locations near ysav

/h when wake flapping was prominent (i.e. for ysav
/h= 0.5 and 1.0).

The minima in ρ drifted towards the wall as x/h increased for ysav
/h= 0.2 and 0.5.

To facilitate the comparison of the correlation coefficient resulting from different
combinations of source locations, ρysav /h was studied. The separation distance between
the two line sources was a dominant factor in its evolution; the closer the line sources
were, the faster their thermal fields mixed. The effect of ysav

/h was less significant –
especially for small x/h – except when near the wall. Here, the high level of turbulence
was found to accelerate the mixing, causing the correlation coefficient to increase
rapidly.

For source pairs with ysav
/h= 1.0 (i.e. sources located in the least inhomogeneous

region of the flow), ρysav /h evolved in a similar manner to that observed in homoge-
neous isotropic grid-generated turbulence. Nevertheless, attempts to reduce the
number of relevant parameters for ρysav /h, as done in grid turbulence (Warhaft 1984),
were unsuccessful, thus demonstrating the non-negligible effect of the inhomogeneity
of channel flow.

The cospectra followed the same trends as ρ, decreasing then increasing with
downstream distance. The coherency spectra exhibited large scales that evolved more
rapidly than the small scales. In addition, the fast evolution of the large scales was
most evident when the sources were located close to the wall, where the turbulence
intensity, and therefore mixing, was the most vigourous.
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